Introduction
Gauge symmetries is the mathematical basis for fundamental interactions
Gauge theories −→ 1-st class constraints systems upon gauge fixing −→ 2-nd class constraints systems
Brackets govern evolution of systems in phase space
Systems: unconstrained constrained classical {f, g} {f, g} D quantum f ∧ g ???
3 Poisson bracket {f, g} = f Pg 3 Dirac bracket {f, g} D = {f, g} + {f, G a }{G a , g} 3 Moyal bracket {f, g}
Just making Hamiltonian formalizm complete 
Symplectic structure
Constraints G a = 0 are non-degenerate (a = 1, ..., 2m, m < n):
Locally, in Riemannian space Locally, in symplectic space Locally, in symplectic space one can always find the Darboux basis
with E m being identity m × m matrix.
Skew-gradient projections ξ s (ξ)
Expanding in the power series of G a ,
and requiring
one gets:
The average of a function f (ξ) is calculated using the probability density distribution ρ(ξ) and the Liouville measure restricted to the constraint submanifold:
On the constraint submanifold f (ξ) and ρ(ξ) can be replaced with f s (ξ) and ρ s (ξ)
Equivalence classes of functions in phase space
Replacing H −→ H s , one can rewrite the evolution equation in terms of the Poisson bracket: To any function f (ξ) in the unconstrained phase space one may associate an operator f in the corresponding Hilbert space
f and g belong to the same equivalence class provided f ∼ g ↔ f s = g s How to calculate the average value of an operator?
Projection operator:
Chose basis in the Hilbert space in which the first m constraint operators are diagonal,
for a = 1, ..., m. G a might be taken as momentum operators. The last m constraint operators can be treated as quantal coordinates.
P|g, g * >= |0, g * > The average value of an operator f
is determined by the physical subspace of the Hilbert space, spanned by |0, g * >.
Physical states satisfy G a |0, g * >= 0
Dirac's supplementary condition for an equivalent gauge system, where G a with a = 1, ..., m are gauge generators G a with a = m + 1, ..., 2m are gauge-fixing operators.
Quantum evolution equation
Evolution does not mix equivalence classes of operators
physical observables equivalence classes of operators in the Hilbert space
Vector space? Choose basis! Weyl's basis:
The Weyl's association rule
and therefore ξ ↔ i.
Symplectic basis for constraint functions
Skew-gradient projections for canonical variables and functions in phase space
Projected canonical variables
.
Quantum second-class constraints systems in phase space
Equivalence relations between functions f (ξ) ∼ g(ξ) ↔ f t (ξ) = g t (ξ) f (ξ) ∼ f t (ξ) and f (ξ) = f t (ξ) for G a (ξ) = 0, therefore ∼ and ≈ acquire distinct meaning.
The average value of function
where P (ξ) is the symbol of the projection operator P and W (ξ) is the Wigner function.
EVOLUTION EQUATION:
∂ ∂t f (ξ) = f (ξ) ∧ H t (ξ)
